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The motion of a fluid-rigid disc system at
the zero limit of the rigid disc radius
Masoumeh Dashti, James C. Robinson
Abstract
We consider the two-dimensional motion of the coupled system of a
viscous incompressible fluid and a rigid disc moving with the fluid, in the
whole plane. The fluid motion is described by the Navier-Stokes equations
and the motion of the rigid body by conservation laws of linear and angular
momentum. We show that, assuming that the rigid disc is not allowed to
rotate, as the radius of the disc goes to zero, the solution of this system
converges, in an appropriate sense, to the solution of the Navier-Stokes
equations describing the motion of only fluid in the whole plane. We also
prove that the trajectory of the centre of the disc, at the zero limit of its
radius, coincides with a fluid particle trajectory.
1. Introduction
The use of rigid tracers for finding the Lagrangian paths of the fluid flow
is based on the assumption that at the zero limit of the rigid body radius,
the trajectory of the rigid tracer coincides with a fluid particle trajectory.
Studying the validity of this assumption has been the motivation for the
problem that we address in this paper. We consider the system of one rigid
disc moving with the fluid flow in R2, assume the disc does not rotate around
its centre, and show the convergence of the trajectory of the centre of the
disc to a fluid particle trajectory.
We consider the two-dimensional domain R2 occupied by an incompress-
ible fluid of density 1 and viscosity ν and a rigid disc of radius r and density
ρ, which here we set it equal to the density of the fluid. We assume that
the motion of the fluid is modelled by the Navier-Stokes equations with
no-slip condition on the boundary of the rigid disc and consider the rigid
body motion to be described by the equations of the balance of linear and
2 Masoumeh Dashti, James C. Robinson
angular momentum:
∂U
∂t
− ν∆U + (U · ∇)U +∇P = F , x ∈ R2 \B(t) (1)
∇ · U = 0, x ∈ R2 \B(t) (2)
U = h˙(t) + ω(t)(x− h(t))⊥, x ∈ ∂B(t) (3)
Mh¨(t) = −
∫
∂B(t)
Σn dΓ +Mξ, (4)
Jω˙(t) = −
∫
∂B(t)
(x − h(t))⊥ ·Σn dΓ + Jη, (5)
U(x, 0) = U0(x), x ∈ R2 \B(0), (6)
h(0) = (0, 0), h˙(0) = h˙0 ∈ R2, ω(0) = ω0 ∈ R. (7)
In the above system t ∈ [0, T ],B(t) is the region occupied by the disc at time
t, U is the velocity vector of the fluid, P the pressure scalar field, h(t) the
position of the centre of the rigid disc at time t, ω its angular velocity and
M = ρπr2 and J =Mr2/2 are its mass and moment of inertia respectively.
The stress tensor Σ is defined as
Σ = −P Id + 2νD(U),
where
(D(U))k,l =
1
2
(∂Uk
∂xl
+
∂Ul
∂xk
)
.
The body force applied to the fluid is denoted by F , andMξ and Jη are the
force and torque applied to the disc. The solvability of the above system, and
also the equivalent system in a three-dimensional domain, is known. When
the domain of the motion is the whole of R3, this is shown by Judakov
(1974) and Serre (1987) using Galerkin approximations. In the case of a
bounded domain, the global existence of at least one weak solution is proved
by Hoffmann & Starovoitov (1999) for the two-dimensional case and by
Conca, San Martin & Tucsnak (2000) and Gunzburger, Lee & Seregin (2000)
for three-dimensional domains under some constraints on collision of the
rigid body and the boundary of the domain. The method of Hoffmann &
Starovoitov (1999) is based on approximating the rigid body by a very
viscous fluid, Conca et al (2000) write the system in a coordinate system
attached to the body and use a Galerkin method, and Gunzburger et al
(2000) approximate the system by time-discretized problems.
In their 2004 paper, Takahashi and Tucsnak show that the system of a
fluid-rigid disc in the whole plane has a unique global strong solution using
a contraction mapping approach. This result is shown to be true for the case
of a bounded two-dimensional domain as well by Takahashi (2003). When
the motion is in R3, the existence of a local unique strong solution is proved
by Galdi and Silvestre (2002).
In the case of the motion of several rigid bodies in a fluid, at least one
weak solution is known to exist (Desjardins & Esteban 1999; Desjardins
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& Esteban 2000; Feireisl 2002; Grandmont & Maday 2000; San Martin,
Starovoitov & Tucsnak 2002). The uniqueness however is not known.
We also note the papers by Robinson (2004) and Iftimie, Lopes Filho
& Nussenzveig Lopes (2006). In Robinson (2004) a simplified model of the
motion of a fluid-particle system at the limit of zero radius of particles
is studied. The simplification is in considering only momentum exchange
between fluid and particle and assuming that the domain of the fluid does
not change in time; and it is shown that in the limit the motion of the fluid
is described by the standard Navier-Stokes equations. Iftimie et al (2006)
consider the two-dimensional asymptotic motion of a fluid outside a small
obstacle as the size of the obstacle tends to zero. They prove that the limit
flow satisfies the Navier-Stokes equations in the full plane.
Knowing that a unique strong solution of (1)–(7) exists for any r > 0
by the result of Takahashi and Tucsnak (2004), in this paper we study the
limiting behaviour of the solution of (1)–(7) as r → 0. To do this, we do
not take into account the torque exerted by the fluid on the particle, i.e.
we do not allow the particle to rotate. Of course, one could incorporate this
into a model with angular momentum by considering ω0 = 0 and imposing
a torque
Jη =
∫
∂B(t)
(x− h(t))⊥ ·Σn dΓ
so that ω˙ = 0, but this simply has the effect of removing equation (5)
from all our calculations. It is of course desirable to study the more general
system when the disc can rotate, but with a nonzero ω we have not been
able to obtain the required uniform estimates (see Remark 1 in Section 4).
In order to prove the convergence of the velocity field as r → 0 one requires
uniform bounds on the fluid velocity field for r > 0 that are not provided
by the method of Takahashi and Tucsnak. Here, we obtain such uniform
bounds over a small enough time interval [0, T ]. We then show that at the
zero limit of r, the velocity field satisfies the Navier-Stokes equations in
the whole plane. Then using the properties of the strong solutions of the
Navier-Stokes equations, we can prove this convergence for all times.
In what follows, in Section 2 we recall the result of Takahashi & Tucsnak
(2004) on the existence of strong solutions, and also their functional setting
for the problem, which we will follow in this paper. In Section 3 we prove
some of the properties of the functional spaces introduced in Section 2.
In Section 4 we show that the solution of the above fluid-rigid system is
bounded independent of the radius of the rigid disc, in the time interval
[0, T ] for a small enough T which is also independent of r. In Section 5 we
show that as r → 0, the above fluid rigid system converges to the Navier-
Stokes equations in the whole of R2 for all times and the trajectory of the
centre of the disc converges to a fluid particle trajectory.
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2. Preliminaries
In this section, following Serre (1987), Conca et al (2000) and Takahashi
and Tucsnak (2004), we write (1)–(7) with respect to a coordinate system
moving with the disc centre which results in the equations of motion of the
fluid and rigid body in domains which are fixed with respect to time. We
will also state and consider the functional setting introduced in Takahashi
and Tucsnak (2004) for this problem.
Using the following change of variables
y(t) = x(t)− h(t),
u(y, t) = U(y + h(t), t), p(y, t) = P (y + h(t), t),
σ(y, t) = −p(y, t)Id + 2νD(u)(y, t)
the equations of motion can be written as
∂u
∂t
− ν∆u + (u · ∇)u − (h˙(t) · ∇)u+∇p = 0, y ∈ Ωr (8)
∇ · u = 0, y ∈ Ωr (9)
u = h˙(t) + ω(t)y⊥, y ∈ ∂Ωr (10)
Mh¨(t) = −
∫
∂Br
σn dΓ , (11)
Jω˙(t) = −
∫
∂Br
y⊥ · σn dΓ + Jη, (12)
u(y, 0) = u0(y), y ∈ Ωr, (13)
h(0) = (0, 0), h˙(0) = h˙0 ∈ R2, ω(0) = ω0 ∈ R. (14)
with Br = B(0) and Ωr = R
2 \Br.
We define
Hr = {u ∈ [L2(R2)]2 : ∇ · u = 0 in R2, D(u) = 0 in Br} (15)
Vr = {u ∈ [H1(R2)]2 : ∇ · u = 0 in R2, D(u) = 0 in Br} (16)
and consider the inner product on Hr to be
(u, v) =
∫
Ωr
(u · v) dy + ρ
∫
Br
(u · v) dy
which is equivalent to the standard inner product on [L2(R2)]2. We denote
the orthogonal projection of [L2(R2)]2 onto Hr by Pr.
We let
D(Ar) =
{
u ∈ [H1(R2)]2 :u ∈ [H2(Ωr)]2,
∇ · u = 0 in R2, D(u) = 0 in Br
}
(17)
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and for any u ∈ D(Ar) define
Aru =
{−ν∆u in Ωr
2ν
M
∫
∂B D(u)n dy +
[
2ν
J
∫
∂Br
y⊥ ·D(u)n dy]y⊥ in Br
and
Aru = PrAru. (18)
It can be shown (Takahashi & Tucsnak 2004) that Ar is self adjoint:
(Aru, v)L2(R2) = 2ν
∫
Ω
D(u) : D(v) dy = (u,Arv)L2(R2).
We can extend u ∈ L2(Ωr) to a function in Hr, defined on the whole of R2,
by letting
u(y) = h˙(t) + ωy⊥, in Br.
We define
β(u− h˙, u) =
{(
(u− h˙) · ∇
)
u in Ωr
0 in Br.
Then using Ar and Pr defined as above, equations (8)–(14) can be written
as
du
dt
+Aru = −Pr β(u − h˙, u). (19)
Existence of a strong solution of (8)-(14) is shown by Takahashi & Tuc-
snak (2004). We recall their result:
Theorem 1. (Takahashi & Tucsnak 2004) i) Suppose u0 ∈ H1(Ωr) with
∇ · u0 = 0 in Ωr and u0(y) = h˙0 + ω0y⊥ on ∂Ωr. Then, there exists a
unique strong solution of (8)–(14), satisfying
u ∈ L2(0, T ;H2(Ωr)) ∩ C(0, T ;H1(Ωr)) ∩H1(0, T ;L2(Ωr)),
p ∈ L2(0, T ;H1), h ∈ H2(0, T ;R2), ω ∈ H1(0, T ;R),
for any T > 0.
ii) Let u0 ∈ L2(Ωr) with ∇ · u0 = 0. Then the system (8)–(14) has a
unique weak solution with u ∈ L2(0, T ;H1(Ωr)) ∩C(0, T ;L2(Ωr)).
The estimates in the result of Takahashi and Tucsnak (2004) depend on
r via ‖h˙‖L∞(0,T ;R2) (they use M |h˙|2 ≤ c(1 + ‖u0‖H1)) and the constant c
in the inequality ‖∇2u‖L2(Ω) ≤ c ‖Arur‖L2 used in their proof. But here,
to study the solution when r → 0, we need uniform bounds on the velocity
field. In Section 4 we show that if ω(t) = 0 for t ≥ 0, one can find such
uniform bounds on a time interval [0, T ], with T only depending on the
initial velocity field u0. But first we prove some of the properties of the
orthogonal projection Pr which we will need later.
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3. Properties of the orthogonal projection Pr
In this section we prove some results characterizing Pr, which we will
need in the following sections. In the first lemma we identify the orthogonal
complement of Hr. Then we use it to show that the image of a sufficiently
regular and divergence-free function under Pr converges in [L
2(R2)]2 to the
function itself as r → 0, which will be key in proving the convergence of
the fluid-rigid body system (19) to the Navier-Stokes equations in the whole
plane in Section 5. We note that the results of this section are in the general
case where ω(t) can be nonzero.
Lemma 1. Let
Hr = {u ∈ [L2(R2)]2 : ∇ · u = 0 in R2, D(u) = 0 in Br},
G1 = {u ∈ [L2(R2)]2 : u = ∇q1, ∇q1 ∈ [L2(R2)]2, q1 ∈ L1loc(R2)},
G2 = {u ∈ [L2(R2)]2 : ∇ · u = 0 in R2,
u = ∇q2 in Ωr with ∇q2 ∈ [L2(Ωr)]2, q2 ∈ L1loc(Ωr),
u = φ in Br with φ ∈ [L2(Br)]2, and
∫
Br
φ · y⊥ dy = 0}.
Then Hr, G1 and G2 are mutually orthogonal and
[L2(R2)]2 = Hr ⊕G1 ⊕G2 .
Proof. The proof is mostly based on the ideas in the proof of Lemma 4
of Conca et al (2000). Since Hr and G2 are subsets of the set of square
integrable divergence-free functions, G1 is perpendicular to both of them
(noting that since we have assumed ρ = 1, the inner product over the above
spaces is the standard L2-inner product). To show that Hr⊥G2, we consider
w =
{∇q2 in Ωr
φ in Br
∈ G2
and v ∈ Hr with v(y) = Vv + ωvy⊥ for y ∈ Br where Vv ∈ R2 and ωv ∈ R
are constant. We have
(v, w) =
∫
Ωr
v · ∇q2 dy +
∫
Br
(Vv + ωvy
⊥) · φdy
= Vv ·
∫
∂Ωr
q2 n dy + Vv ·
∫
Br
φdy. (20)
Since ∇y is the identity matrix and φ is divergence-free, we can write∫
Br
φdy =
∫
Br
∇y φdy =
∫
Br
(∇ · (φy1)
∇ · (φy2)
)
dy =
∫
∂Ωr
φ · (−n)y dy
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Now since w ∈ [L2(R2)]2 is divergence-free, the normal components of φ
and ∇q2 on the boundary, by Theorem 1.2 of Temam 1977, satisfy∫
∂Ωr
(φ · n−∇q2 · n) g(y) dy = 0 (21)
for any g ∈ H1/2(∂Ωr). Therefore, with g(y) = y and since ∆q2 = 0, we
have ∫
∂Ωr
φ · (−n)y dy = −
∫
∂Ωr
∇q2 · n y dy
= −
∫
Ωr
(∇ · (∇q2y1)
∇ · (∇q2y2)
)
dy
= −
∫
Ωr
∇y∇q2 dy
= −
∫
Ωr
∂jq2 δij dy = −
∫
Ωr
∂j(q2 δij) dy
= −
∫
∂Ωr
q2 δij nj dy = −
∫
∂Ωr
q2 n dy
where i, j = 1, 2, ∂j = ∂/∂yj and
δij =
{
1, if i = j,
0, otherwise.
Therefore ∫
Br
φdy = −
∫
∂Ωr
q2 n dy (22)
and by (20), (v, w) = 0.
Now we consider an arbitrary u ∈ [L2(R2)]2 and show that there exist
a unique v ∈ Hr, with
v(y) = Vv + ωvy
⊥ for y ∈ Br (23)
where Vv ∈ R2 and ωv ∈ R are constants, and also unique ∇q1 ∈ G1 and
w ∈ G2 with w = ∇q2 in Ωr and w = φ in Br, such that
u = v +∇q1 + w =
{
v +∇q1 +∇q2 in Ωr,
Vv + ωvy
⊥ +∇q1 + φ in Br.
For q1 we solve {
∆q1(y) = ∇ · u(y), y ∈ R2,
∇q1 → 0, as |y| → ∞. (24)
The above system has a solution q1 ∈ L1loc(R2) with ∇q1 ∈ L2(R2), which
is unique up to a constant. Clearly, ∇q1 ∈ G1.
8 Masoumeh Dashti, James C. Robinson
We set φ : Br → [L2(Br)]2 to be
φ = u−∇q1 − Vv − ωvy⊥, (25)
with Vv and ωv as in (23). Integrating the above equation over Br and using
(22) we can find Vv in terms of q2:
Vv =
1
πr2
(∫
Br
(u −∇q1) dy +
∫
∂Ωr
q2 ndy
)
. (26)
Now, for q2 we write
{
∆q2 = 0, in Ωr,
∇q2 · n = (u−∇q1) · n− Vv · n, on ∂Ωr. (27)
Let
D1,2 = {q ∈ L1loc(Ωr) : ∇q ∈ [L2(Ωr)]2},
with the seminorm ‖q‖D1,2 = ‖∇q‖L2(Ωr). For any ξ ∈ D1,2, we have
0 = (∆q2, ξ) = (∇q2,∇ξ) +
∫
∂Ωr
ξ (u −∇q1) · n dy −
∫
∂Ωr
ξ Vv · n dy
= (∇q2,∇ξ) +
∫
∂Ωr
ξ (u −∇q1) · n dy
− 1
πr2
(∫
∂Ωr
q2 n dy
)(∫
∂Ωr
ξ n dy
)
− 1
πr2
(∫
Br
(u−∇q1) dy
)(∫
∂Ωr
ξ n dy
)
and therefore
(∇q2,∇ξ) + 1
πr2
(∫
∂Ωr
q2 n dy
)(∫
∂Ωr
ξ n dy
)
=
∫
∂Ωr
ξ(u−∇q1) · n dy − 1
πr2
(∫
Br
(u−∇q1) dy
)(∫
∂Ωr
ξ n dy
)
(28)
Consider [q] = {p ∈ D1,2 : p = q + k for some k ∈ R} and let D˙1,2 be
the the space of all equivalence classes [q] with q ∈ D1,2. Then D˙1,2 is a
Hilbert space (Galdi 1994, Theorem II.5.1). We now use this fact and the
Lax-Milgram theorem to show the existence of a unique (up to a constant)
solution to (28). Let R = 1+ r and BR an open ball of radius R and centre
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(0, 0). For any q ∈ D1,2, we have∣∣∣∣
∫
∂Ωr
q n dy
∣∣∣∣ ≤ |∂Ωr|1/2 ‖q‖L2(∂Ωr)
≤ C(r) ‖q‖H1(Ωr∩BR)
≤ C(r) (‖q‖L2(Ωr∩BR) + ‖∇q‖L2(Ωr))
≤ C(r)
(
‖∇q‖L2(Ωr) +
∣∣∣∣
∫
BR
q dx
∣∣∣∣+ ‖∇q‖L2(Ωr)
)
≤ C(r) (‖∇q‖L2(Ωr) + ‖q‖L1(BR))
by the Sobolev trace theorem and the Poincare´ inequality. Therefore the
left-hand side of (28) is linear and bounded. It is also coercive since setting
q2 = ξ gives an expression bounded below by ‖∇ξ‖2. The right-hand side of
(28) is a linear functional of ξ as well. It is also bounded because u −∇q1
is divergence-free and we can write∣∣∣∣
∫
∂Ωr
ξ(u−∇q1) · n dy
∣∣∣∣ ≤
∣∣∣∣
∫
Ωr
∇ξ · (u−∇q1) dy
∣∣∣∣
≤ ‖u−∇q1‖L2(R2) ‖∇ξ‖L2(Ωr).
Therefore by the Lax-Milgram Theorem there exists a unique q2 ∈ D˙1,2
(and thus a unique up to a constant q2 ∈ D1,2) that solves (28).
Having q1 and q2, we can find v|Ωr in terms of u by seting
v = u−∇q1 −∇q2 in Ωr.
It remains to uniquely define ωv (of (23)) and φ in terms of u. We let
ωv =
c
r4
∫
Br
u · y⊥ dy (29)
(noting that
∫
Br
∇q1 · y⊥ dy = 0), and this then gives a unique φ by (25).
We need to verify that w ∈ G2 and v ∈ Hr. We have ∇ · φ = 0 in Br
and ∆q2 = 0 in Ωr. Therefore, for any ψ ∈ C∞0 (R2) since ∇q2 · n = φ · n,
we can write∫
R2
w∇ψ dy =
∫
Ωr
w∇ψ dy +
∫
Br
w∇ψ dy
=
∫
∂Ωr
∇q2 · nψ dy −
∫
∂Ωr
φ · nψ dy = 0
implying that ∇ · w = 0 in the sense of distributions.
In showing v ∈ Hr also, the only condition which is not obvious is
∇ · v = 0 which, having ∇q2 · n = u · n− Vv · n−∇q1 · n, can be verified in
a similar way to the proof of ∇ · w = 0. ⊓⊔
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Before proceeding to show an appropriate bound on the L2-norm of the
difference of a divergence-free H1-function and its image under Pr, we need
to prove the following lemma which shows how the constant of the trace
inequality for the domain Ωr depends on r. We note that in this paper we
use the result of this lemma only for Ωr, whose boundary is a circle, but
the more general statement seems interesting:
Lemma 2. Let Er be an exterior domain with a bounded boundary ∂Er of
diameter 2r and having the uniform C1-regularity property.
Assume that the radius of curvature of ∂Er at all points is bounded below
by c1r, with c1 a constant independent of r, and any x ∈ R2\Er is contained
in an open ball of radius c2r with c2 ≤ c1 lying inside R2 \ Er.
Then for any positive α < 1 there exists a constant c depending only on
α such that for all u ∈ H1(Er)
‖u‖L2(∂Er) ≤ c rα/2 ‖u‖H1(Er).
Proof. Since ∂Er is compact, a finite open cover {Uj}Nj=1 of ∂Er exists. We
consider each Uj to be a ball of radius c2r/2 with its centre on ∂Er and
note that since the diameter of Er and the radius of the curvature of ∂Er
are appropriately bounded, N is independent of r.
As in Section 5.21 and 5.22 of Adams (1975) we define Ψj to be the
smooth transformation mapping B = {y ∈ R2 : |y| < 1} onto Uj such that
Uj ∩ ∂Er = Ψj(B0) with B0 = {y ∈ B : y2 = 0}. Then for Uj as above and
letting x = Ψ(y), since the radius of curvature of ∂Er is bounded below by
c1r, we have
|∂xi
∂yk
| ≤ cr for i, k = 1, 2
and
| ∂(y1, y2)
∂(x1, x2)
| ≤ c
r2
,
with c depending on c1 and c2. For each Uj ∩ Er, j = 1, . . . , N , there exists
an extension operator Ej such that for any u ∈ H1(Er),
Ej [u] = u, in Uj ∩ Er
and
‖Ej [u]‖H1(R2) ≤ Kj ‖u‖H1(Er)
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with Kj independent of r (Adams 1975, Theorem 4.32). Therefore we can
write
∫
∂Er
|u|2 dx ≤
N∑
j=1
∫
Uj∩∂Er
|Ej [u](x)|2 dx
≤ cr
∑
j
∫ 1
−1
|Ej [u](Ψj(y))|2 dy
≤ cr
∑
j
(
‖Ej [u] ◦ Ψj‖2L2(B) + ‖DEj [u] ◦ Ψj‖2L2(B)
)
≤
∑
j
( c
r
‖Ej [u]‖2L2(Uj) + cr‖DEj [u]‖2L2(Uj)
)
≤
∑
j
( c
r
‖Ej [u]‖2L4/(1−α)(Uj) |Uj |(1+α)/2 + cr‖DEj [u]‖2L2(Uj)
)
≤
∑
j
(
c rα ‖Ej [u]‖2H1(R2) + cr‖DEj [u]‖2L2(R2)
)
≤ c rα‖u‖2H1(Er)
noting that N is independent of r. ⊓⊔
In what follows we will also use the Sobolev inequality
‖u‖Lq(Ωr) ≤ c‖u‖W 2/p−2/q,p(Ωr)
where the constant c depends on p, q and the cone C determining the cone
property of Ωr (Adams 1975). Since the cone C for the exterior domain Ωr
does not depend on r, the constant c in the above inequality is independent
of r.
In the last lemma of this section we show that if the vector field u is
divergence-free and regular enough, its projection under Pr is arbitrarily
close to u in L2(R2), if r is sufficiently small. The result of this lemma is
essential in showing the convergence of equations (8)–(14) to Navier-Stokes
equations.
Lemma 3. Let u ∈ [H1(R2)]2 be divergence-free and assume that r < 1.
Then for any positive α < 1 there exists a constant c depending on α such
that
‖u− Pru‖L2(R2) ≤ c rα/2 ‖u‖H1(R2).
Proof. By Lemma 1, since u is divergence-free ∇q1 = 0 and we have
u = Pru+∇q2 in Ωr
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where q2 satisfies (27). Letting ξ = q2 in (28), we obtain
‖∇q2‖2L2(Ωr) +
1
πr2
(∫
∂Ωr
q2 n dy
)2
=
∫
∂Ωr
q2 u · n dy − 1
πr2
(∫
Br
u dy
)(∫
∂Ωr
q2 n dy
)
≤
∫
∂Ωr
q2u · n dy + 1
2πr2
(∫
Br
u dy
)2
+
1
2πr2
(∫
∂Ωr
q2 n dy
)2
and therefore
‖∇q2‖2L2(Ωr) +
1
2πr2
(∫
∂Ωr
q2 n dy
)2
≤
∫
∂Ωr
q2 u · n dy + 1
2πr2
(∫
Br
u dy
)2
. (30)
Dropping the second term in the left-hand side, we can write
‖∇q2‖2L2(Ωr) ≤
∫
Ωr
∇q2 u dy + 1
2πr2
(
‖u‖L2(Br) |Br|1/2
)2
≤ ‖∇q2‖L2(Ωr) ‖u‖L2(R2) +
1
2
‖u‖2L2(Br),
which gives
‖∇q2‖L2(Ωr) ≤ c ‖u‖L2(R2).
Let
Or = {x ∈ Ωr : dist(x, ∂Ωr) < 2}.
If q2 solves (27),
q2 − 1|Or|
∫
Or
q2 dx
is a solution as well and therefore we can assume that the average of q2
is zero in Or. By continuity there exists a line passing through (0, 0) and
dividing Or to two bounded and simply connected domains O1r and O2r such
that the average of q2 is zero on both of them. Noting that the boundaries
of O1r and O2r have strong local Lipschitz property, there exist two extension
operators E1 and E2 such that for any u ∈ H1(Or), and i = 1, 2 we have
Ei[u] = u, in Oir,
and
‖Ei[u]‖H1(R2) ≤ Ki ‖u‖H1(Oir),
with Ki independent of r (Adams 1975, Theorem 4.32). Therefore by The-
orem 4.4.4 of Ziemer (1989) we have
‖q2‖L2(Oir) ≤ C(|Oir|) ‖∇q2‖L2(Oir), i = 1, 2,
Limiting motion of a fluid-rigid body system 13
which implies that
‖q2‖L2(Or) ≤ c ‖∇q‖L2(Ωr)
≤ c ‖u‖L2(R2).
Having this, we go back to (30) and write
‖∇q2‖2L2(Ωr) +
1
2πr2
(∫
∂Ωr
q2 n dy
)2
≤
∫
∂Ωr
q2 u · n dy + 1
2πr2
(∫
Br
u dy
)2
≤ ‖q2‖L2(∂Ωr)‖u‖L2(∂Ωr) +
1
2πr2
‖u‖2L2/(1−α)(Br) |Br|1+α.
Arguing similar to the proof of Lemma 2, we can show that
‖q2‖L2(∂Ωr) ≤ c rα/2 ‖q2‖H1(Or)
and therefore
‖∇q2‖2L2(Ωr) +
1
2πr2
(∫
∂Ωr
q2 n dy
)2
≤ c rα/2 (‖q2‖L2(Or) + ‖∇q2‖L2(Ωr)) rα/2 ‖u‖H1(Ωr) + c r2α ‖u‖2H1(R2)
≤ c rα/2 ‖u‖L2(R2) ‖u‖H1(R2) + c r2α ‖u‖2H1(R2).
Hence, we obtain
‖u− Pru‖L2(Ωr) = ‖∇q2‖L2(Ωr) ≤ c rα/2 ‖u‖H1(R2),
and
1
r
∣∣∣∣
∫
∂Ωr
q2n dy
∣∣∣∣ ≤ c rα/2 ‖u‖H1(R2). (31)
To show the bound on ‖u− Pru‖L2(Br), we note that
Pru(y) = Vv + ωvy
⊥
for any y ∈ Br, with Vv ∈ R2 and ωv ∈ R defined as in (26) and (29).
Therefore
‖u− Pru‖L2(Br) = ‖u− (Vv + ωvy⊥)‖L2(Br)
≤ c ‖u‖L2/(1−α)(Br)|Br|α/2 + c r|Vv |+ c r2|ωv|,
using Ho¨lder inequality. From (26) and (31) we have
r|Vv | ≤ c
r
‖u‖L2/(1−α) |Br|(1+α)/2 +
c
r
∣∣∣∣
∫
∂Ωr
q2n dy
∣∣∣∣
≤ c rα‖u‖H1(R2) + c rα/2 ‖u‖H1(R2).
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By (29), we can write
r2|ωv| ≤ c
r
‖u‖L2/(1−α) r1+α ≤ c rα‖u‖H1(R2).
Therefore
‖u− Pru‖L2(Br) ≤ c rα/2 ‖u‖H1(R2),
and the result follows. ⊓⊔
4. Local uniform bounds on the fluid velocity field
Here under the assumption of zero angular velocity for the disc for t ≥
0, we obtain uniform in r bounds on the velocity field. To impose this
assumption in the model (8)–(14) we set
ω0 = 0 and Jη =
∫
∂B(t)
(x− h(t))⊥ ·Σn dΓ. (32)
We show that for some small enough time interval after the initial time,
one can bound the solution of (8)–(14) uniformly in r, in some appropriate
spaces. We then prove that these uniform bounds result in strong conver-
gence of the solution in an appropriate sense.
To show the uniform bounds, we need the following estimate
‖∇2ur‖L2(Ωr) ≤ c ‖Arur‖L2(Ωr)
with c independent of r. We first prove this estimate.
Lemma 4. Let u be the solution of

∆u+∇p = f, in R2 \Br
∇ · u = 0, in R2 \Br
u = h˙, for x ∈ ∂Br
(33)
with f ∈ L2(Ωr) and the constant h˙ ∈ R2. Then, there exists c > 0 inde-
pendent of r and h˙ such that
‖∇2u‖L2(Ωr) ≤ c ‖f‖L2(Ωr). (34)
Proof. Let y = x/r and ∇y and ∆y the gradient and Laplacian operators
in y coordinates. Then

∆yu+ r∇yp = r2f, in R2 \B1
∇y · u = 0, in R2 \B1
u = h˙, for y ∈ ∂B1
(35)
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Define Φ(x) = h˙ for any x ∈ R2 and let v = u− Φ. The vector v satisfies

∆yv + r∇yp = r2f, in R2 \B1
∇y · v = 0, in R2 \B1
v = 0, for y ∈ ∂B1
(36)
Now we use an estimate of Galdi (1994, equation V.4.14):
‖D2yv‖ ≤ cr2‖f‖L2 (37)
with c a constant independent of r. The above estimate holds if S, the set of
solutions of (36) when f = 0 contains only v ≡ 0. In our case u ∈ L2(Ω) and
Φ(y)→ h˙ as y →∞. Therefore v → −h˙ = o(log |y|) and by Theorem V.3.5
of Galdi (1994) S = {0}. Hence (37) is valid. We now revert the coordinates
to x in (37) and the result follows. ⊓⊔
Remark 1. It is for the result of the above lemma that we need to assume
that the rotation of the disc is zero. For a nonzero ω where u = h˙+ xω/|x|
on ∂Br, we have not been able to obtain a uniform bound on ‖∇2u‖L2(Ωr).
Now we can show the uniform estimates:
Lemma 5. Let (32) hold and consider (ur, hr) to be a strong solution of
(8)–(14) with ur(0) ∈ H1(Ωr) and h˙r(0) ∈ R2. Then, there exist T and
C depending on ‖ur(0)‖, ‖ur(0)‖H1 and |h˙r(0)| but independent of r, such
that ur is bounded by C in
L2(0, T ;H2(Ωr)) ∩ L∞(0, T ;H1(R2)) ∩H1(0, T ;L2(R2)).
Proof. Taking the inner product of
dur
dt
+Arur + Pr β(ur − h˙r, ur) = 0
with ur ∈ Hr, we obtain
1
2
d
dt
‖ur‖2Hr + ν‖∇ur‖2L2(Ωr) = −
∫
Ωr
((ur − h˙r, ur) · ∇)ur · ur dy.
Since
((ur − h˙r) · ∇)u · u = 1
2
((ur − h˙r) · ∇)|u|2 = 1
2
∇ · (|u|2(ur − h˙r)),
we have∫
Ωr
((ur − h˙, ur) · ∇)ur · ur dy = 1
2
∫
∂Ωr
|ur|2(ur · n− h˙r · n) dy = 0.
Therefore
1
2
d
dt
‖ur‖2Hr + ν‖∇ur‖2L2(Ωr) = 0
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which after intrgration gives the following estimates
‖ur(t)‖L2 ≤ ‖ur(0)‖L2 and
∫ T
0
‖ur‖2H1(Ωr) dt ≤ c ‖ur(0)‖2L2 (38)
for almost every t ∈ [0, T ]. We also note that since
h˙r · n = ur(x) · n for almost every x ∈ ∂Ωr
we have
|h˙r| ≤ c ‖ur‖W 1,q(Ωr). (39)
with c independent of r. To show this, for any x ∈ ∂Ωr, we consider the
line Lx tangent to ∂Ωr at x and dividing R
2 to two parts. Using the trace
theorem for Lx as the boundary of the part that does not contain Br, we
can write
|ur(x)| ≤ c ‖ur‖L∞(Lx) ≤ c‖ur‖W 1,q(Ωr)
which implies the previous inequality.
Now we take the inner product of (19) with Arur ∈ [L2(R2)]2 and obtain
1
2
d
dt
‖∇ur‖2 + ‖Arur‖2
≤ ‖ |ur| |∇ur| |Arur| ‖L1(Ωr) + |h˙r| ‖ |∇ur| |Arur| ‖L1(Ωr)
≤ ‖ur‖L6(Ωr) ‖Dur‖L3(Ωr) ‖Arur‖L2(Ωr)
+ c (‖Dur‖L3(Ωr) + ‖ur‖L3(Ωr)) ‖Dur‖L2(Ωr) ‖Arur‖L2(Ωr)
≤ c‖ur‖L6(Ωr) ‖Dur‖1/2L2(Ωr) ‖Dur‖
1/2
L6(Ωr)
‖Arur‖L2(Ωr)
+ c‖Dur‖3/2L2(Ωr) ‖Dur‖
1/2
L6(Ωr)
‖Arur‖L2(Ωr)
+ c ‖ur‖1/2L2(Ωr) ‖ur‖
1/2
L6(Ωr)
‖Dur‖L2(Ωr) ‖Arur‖L2(Ωr)
≤ c ‖ur‖1/2L2(Ωr) ‖ur‖
1/2
H1(Ωr)
‖Dur‖1/2H1(Ωr) ‖Dur‖
1/2
L2(Ωr)
‖Arur‖L2(Ωr)
+ c (‖Dur‖1/2L2(Ωr) + ‖Arur‖
1/2
L2(Ωr)
) ‖Dur‖3/2L2(Ωr) ‖Arur‖L2(Ωr)
for almost every t ∈ [0, T ]. We therefore conclude that
d
dt
‖∇ur‖2 + ‖Arur‖2 ≤ c(1 + ‖ur(0)‖4L2(R2))(1 + ‖∇ur‖2L2(Ωr))3. (40)
Dropping ‖Arur‖2L2(Ωr) and integrating, we obtain
1 + ‖∇ur(t)‖2L2(Ωr) ≤
1 + ‖ur(0)‖2H1√
1− ct(1 + ‖ur(0)‖4L2(R2)) (1 + ‖ur(0)‖2H1)2
.
Therefore for almost every t ≤ T with
T =
1
2c(1 + ‖ur(0)‖4L2(R2)) (1 + ‖ur(0)‖2H1)2
, (41)
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we have
‖ur(t)‖H1(Ω) ≤ C(‖ur(0)‖, ‖ur(0)‖H1 , |h′r(0)|, |ω0|).
By Theorem 1, and also since by (38), M |h˙|2 and J |ω|2 are uniformly
bounded by ‖ur(0)‖Hr , we conclude that ur is uniformly bounded in
L∞(0, T ;H1(R2)). With the above bound, we integrate (40) and obtain a
uniform bound on ‖Arur‖L2(0,T ;L2(Ωr)). This, by Lemma 4 and the uniform
bound on ‖ur(t)‖H1(Ω), implies that
‖ur(t)‖H2(Ω) ≤ C(‖ur(0)‖, ‖ur(0)‖H1 , |h′r(0)|, |ω0|).
Using (39), we have∫ T
0
|h˙|4 dt ≤ c sup
t∈[0,T ]
‖ur(t)‖2H1(Ωr)
∫ T
0
‖ur‖2H2(Ωr) ≤ C. (42)
Finally since u˙r = −Arur − Prβ(ur − h˙r, ur), we have
‖u˙‖L2(R2) ≤ c ‖Arur‖L2(R2) + c ‖((ur − h˙r) · ∇)ur‖L2(Ωr)
≤ c ‖ur‖H2(Ωr) + c ‖ur(t)‖1/2L2(Ωr) ‖ur(t)‖H1(Ωr) ‖ur(t)‖
1/2
H2(Ωr)
+ c |h˙r| ‖ur(t)‖H1(Ωr)
which gives a uniform bound on ‖u˙r‖L2(0,T ;L2(R2)). ⊓⊔
Lemma 6. Let (32) hold and consider (ur, hr) to be a strong solution of
(8)–(14) with ur and h˙r uniformly bounded in
L2(0, T ;H2(Ωr)) ∩ L∞(0, T ;H1(R2)) ∩H1(0, T ;L2(R2)) and L4(0, T ;R2)
respectively. Then there exists
u ∈ L2(0, T ;H2(R2) ∩ L∞(0, T ;H1(R2) ∩H1(0, T ;L2(R2))
and h˙ ∈ L4(0, T ;R2) and a real positive decreasing sequence {rn}n∈N con-
verging to zero, such that, as n → ∞, urn converges strongly to u in
L2(0, T ;H1(Ωs)) for any s > 0, and h˙rn converges strongly to h˙ in
L2(0, T ;R2).
Proof. By Lemma 5, u ∈ L∞(0, T ;H1(R2) ∩ H1(0, T ;L2(R2)). To show
that u ∈ L2(0, T ;H2(R2)), we note that since ur is uniformly bounded in
L2(0, T ;H2(Ωr)), for any s > r we have
‖ur‖L2(0,T ;H2(Ωs)) ≤ C (43)
with C independent of r and s. Therefore for any s > 0, there exists a
sequence {urn}n∈N which converges weakly to u ∈ L2(0, T ;H2(Ωs)) as
n → ∞. Hence, by uniqueness of weak limits u ∈ L2(0, T ;H2(Ωs)) for
any s > 0. Now we note that by Theorem 2.1.4 of Ziemer (1989) a function
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w ∈ L2(Ω) with Ω ⊂ R2, is in H1(Ω) if and only if w is absolutely contin-
uous on almost all lines in Ω parallel to the coordinate axes, and its partial
derivatives belong to L2(Ω). Consider a real positive sequence {sn}n∈N con-
verging to zero as n → ∞. Since u ∈ L2(0, T ;H2(Ωsn)) for any n, Du is
absolutely continuous on all lines parallel to coordinates axes in Ωsn and
the partial derivatives of all elements of Du are uniformly (in n) bounded in
L2(Ωsn). Then, since ∩∞n=1R2 \ Ωsn = {(0, 0)}, and noting that the count-
able intersection of sets of full measure in [0, T ], has full measure in [0, T ], it
follows that Du ∈ L2(0, T ;H1(R2)). This then, since u ∈ L2(0, T ;H1(R2)),
implies that u ∈ L2(0, T ;H2(R2)).
We now show the strong convergence in L2(0, T ;H1(Ωs)) for any s > 0.
Since ur is uniformly bounded in L
2(0, T ;Vr)∩L∞(0, T ;Hr)∩H1(0, T ;V ∗r ),
it is uniformly bounded in L2(0, T ;Vs)∩L∞(0, T ;Hs)∩H1(0, T ;V ∗s ) for any
fixed s > r and therefore there exists a subsequence {urn}n∈N (with rn < rm
if n > m) which converges strongly in L2(0, T ;Hs) as n→∞ (see Robinson
2001 or Temam 1977 for example). Therefore for any ǫ > 0 there exists
some N such that for n > N
‖u− urn‖L2(0,T ;L2(R2)) ≤ ǫ. (44)
For any fixed s > 0, let Es[u − urn ] be an extension of u− urn from Ωs to
R
2, such that for almost every t ∈ [0, T ]
Es[u− urn ] = u− urn almost everywhere in Ωs, (45)
and
‖Es[u− urn ]‖Hk(R2) ≤ ck‖u− urn‖Hk(Ωs). (46)
with k ≥ 0 and ck = ck(s) (one can show that c0 is independent of s but for
our purpose here it makes no difference). By Ehrling’s lemma for any η > 0
there exists a cη > 0 such that
‖Es[u− urn ]‖L2(0,T ;H1(R2))
≤ η‖Es[u − urn ]‖L2(0,T ;H2(R2)) + cη‖Es[u− urn ]‖L2(0,T ;L2(R2)).
Let ǫ > 0 and take η = ǫ/c2(s). For any n ≥ m, we can write
‖u− urn‖L2(0,T ;H1(Ωs)) ≤ ‖Es[u − urn ]‖L2(0,T ;H1(R2))
≤ η‖Es[u− urn ]‖L2(0,T ;H2(R2)) + cη‖Es[u− urn ]‖L2(0,T ;L2(R2))
≤ ǫ‖u− urn‖L2(0,T ;H2(Ωs)) + c0 cη‖u− urn‖L2(0,T ;L2(Ωs)).
By (44) for n big enough we have
‖u− urn‖L2(0,T ;L2(Ωs)) ≤
ǫ
c0 cη
.
Also by (43)
‖u− urn‖L2(0,T ;H2(Ωs)) ≤ C
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with C independent of n and s. Hence, for any ǫ > 0 there exists some N1
depending on ǫ and s such that
‖u− urn‖L2(0,T ;H1(Ωs)) < Cǫ
for n > N1. Therefore for a fixed s, ‖u− urn‖L2(0,T ;H1(Ωs)) → 0 as n→∞.
It remains to show that h˙r → h˙ in L2(0, T ;R2). For any n > m we have
|(h˙rm − h˙rn) · n|
=
∣∣(urm(rmn)− urn(rnn)) · n∣∣
=
∣∣(urm(rmn)− urn(rmn)) · n+ (urn(rmn)− urn(rnn)) · n∣∣
≤ sup
x∈∂Ωrm
|urm(x)− urn(x)| + c ‖urn‖H3/2(Ωrn ) rmα/2
≤ c ‖urm − urn‖1/2H1(Ωrm ) ‖urm − urn‖
1/2
H2(Ωrm )
+ c ‖urn‖1/2H1(Ωrn ) ‖urn‖
1/2
H2(Ωrn )
rm
α/2
with α < 1. Since the above inequality is true for any n, we conclude that
for n > m > N , ∫ T
0
|h˙rm − h˙rn |2 dt→ 0 as N →∞
and obtain the required strong convergence. ⊓⊔
The above lemma shows the strong convergence of subsequences of ur
and hr. However, after showing that the limit u satisfies the Navier-Stokes
equations in the whole plane and therefore is unique, one can show the above
strong convergence result for any r rather than only a subsequence {rn}:
we argue along the lines of the proof of Lemma 3.1 of Robinson (2004).
We suppose that for some s > 0, ur does not converge to u (strongly) in
L2(0, T ;H1(Ωs)). This means that there exists a subsequence {urm} and a
δ > 0 such that
‖urm − u‖L2(0,T ;H1(Ωs)) > δ.
But urm , by Lemma 5 is uniformly bounded in
L2(0, T ;H2(Ωr)) ∩ L∞(0, T ;H1(R2)) ∩H1(0, T ;L2(R2))
and therefore by Lemma 6, has a subsequence that converges to u strongly
in L2(0, T ;H1(Ωs)), contradicting the above inequality. One can argue sim-
ilarly and conclude that h˙r → h˙ in L2(0, T ;R2). Therefore, from now on, we
consider ur (rather than urn) converging strongly to u in L
2(0, T ;H1(Ωs))
for any s > 0, and h˙r (rather than h˙rn) converging strongly to h˙ in
L2(0, T ;R2).
Corollary 1. Let ur, hr, u and h be as in Lemma 6. Then
‖u− ur‖L2(0,T ;H1(Ωr)) → 0, as r → 0.
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Proof. Let 0 < r < s. We can write∫ T
0
‖u− ur‖2H1(Ωr) dt
=
∫ T
0
‖u− ur‖2H1(Ωs) + ‖u− ur‖2H1(Ωr\Ωs) dt
≤
∫ T
0
‖u− ur‖2H1(Ωs) + c s ‖u− ur‖2W 1,4(Ωr\Ωs) dt
≤ ‖u− ur‖2L2(0,T ;H1(Ωs)) + c s ‖u− ur‖2L2(0,T ;H2(Ωr))
using Ho¨lder inequality in the second line. Since ‖u−ur‖2L2(0,T ;H2(Ωr)) ≤ C
with C independent of r, for any ǫ > 0 there exists a δ (independent of r)
such that s < δ is small enough to ensure that
c s ‖u− ur‖2L2(0,T ;H2(Ωr)) < ǫ/2.
Also, by Lemma 6 for r small enough
‖u− ur‖2L2(0,T ;H1(Ωs)) < ǫ/2.
The result therefore follows. ⊓⊔
5. The equations at the zero limit of the rigid body radius
Now we can prove the main result of this paper:
Theorem 2. Let (32) hold and consider (ur, hr) to be a solution of (8)-
(14) with the initial condition ur(0) ∈ H1(R2) satisfying ur(0) = h˙r(0) for
y ∈ ∂Ωr and h˙r(0) ∈ R2. Suppose also that there exists u0 ∈ H1(R2) such
that ur(0) ⇀ u0 in L
2(R2) as r → 0 and ‖ur(0)‖H1(Ωr) ≤ c‖u0‖H1(R2) for
any r > 0. Then
i) u, the limit of ur at the zero limit of r satisfies the Navier-Stokes equa-
tions in the whole plane with initial condition u0,
ii) the trajectory of the centre of the rigid disc converges to a fluid particle
trajectory as r → 0.
Proof. i) We first show the result for t ∈ [0, T ], with T as in (41), and
then use the properties of the solution of the Navier-Stokes equations in the
whole of R2 to get the result for any 0 ≤ t <∞. In what follows
H = {u ∈ [L2(R2)]2 : ∇ · u = 0}
and
V = {u ∈ [H1(R2)]2 : ∇ · u = 0}.
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V ∗ is the dual of V , and
(u, v)Ωr =
∫
Ωr
u · v dy.
1)
∫ T
0
∫
Ωr
(Arur −Au) · v dy dt→ 0 as r → 0 for any v ∈ L2(0, T ;H):
We show the weak-* convergence of Arur to Au in L
2(0, T, V ∗) and then
use the fact that ‖ur‖L2(0,T ;H2(Ωr)) and ‖u‖L2(0,T ;H2(Ωr)) are bounded inde-
pendent of r, to conclude the required convergence for and v ∈ L2(0, T ;H).
Let v ∈ L2(0, T ;V ) and vr = Prv and write
∫ T
0
(Arur −Au, v) dt =
∫ T
0
(Arur, vr) dt+
∫ T
0
(ν∆u, v) dt
=
∫ T
0
(Arur + ν∆u, v) dt+
∫ T
0
(Arur, vr − v) dt.
(47)
We have∫ T
0
(Arur, vr − v) dt ≤ c ‖ur‖L2(0,T ;H2(Ωr))‖vr − v‖L2(0,T ;L2(Ωr))
+
∫ T
0
c
r2
∫
∂Ωr
D(ur)n dΓ ·
∫
Br
(vr − v) dy dt
+
∫ T
0
c
r3
∫
∂Ωr
n⊥ ·D(ur)n dΓ
∫
Br
(vr − v) · y⊥ dy dt.
By characterization of G2 in Lemma 1, the last term is zero. For the second
term in the right-hand side of the above inequality, by Lemma 2 and 3 we
can write
c
r2
∫
∂Ωr
D(ur)n dy ·
∫
Br
(vr − v) dy
=
c
r2
∫
∂Ωr
D(ur)n dy ·
(
−
∫
Br
(vr − v) dy
)
≤ c
r2
‖D(ur)‖L2(∂Ωr) (2πr)1/2 ‖v − vr‖L2(Br) (πr2)1/2
≤ crα−1/2 ‖ur‖H2(Ωr) ‖v‖H1(R2).
for any α < 1, and therefore
∫ T
0
(Arur, vr − v) dt→ 0 as r → 0.
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For the integrand in the first term of the last line of (47) we can write
(Arur + ν∆u, v) =− 2ν
∫
Ωr
(D(ur)−D(u)) : D(v) dy
+ 2ν
∫
∂Ωr
(D(ur)−D(u)) v · n dΓ + ν
∫
Br
∆u · v dy
− 2ν
M
∫
Br
v dy ·
∫
∂Ωr
D(ur)n dΓ
− 2ν
J
r
∫
Br
v · y⊥ dy
∫
∂Br
n⊥ ·D(ur)n dΓ.
Since with 0 < α < 1,
2
M
∫
Br
v dy ·
∫
∂Ωr
|D(ur) dΓ
≤ c
r2
‖v‖L6(Br)(πr2)5/6 ‖Dur‖L2(∂Br)
√
2πr
≤ c rα/2+1/6 ‖v‖H1(R2) ‖ur‖H2(Ωr),
2
J
r
∫
Br
v · y⊥ dy
∫
∂Br
n⊥ ·D(ur)n dΓ
≤ c
r3
‖v‖L4 (r4)3/4 ‖Dur‖L2(∂Br)
√
2πr
≤ c rα/2+1/2 ‖v‖H1(R2) ‖ur‖H2(Ωr),
and ∫
Br
∆u · v dy ≤ ‖u‖H2(R2) ‖v‖L4(Br)|Br|1/4
≤ c r1/2 ‖v‖H1(R2) ‖ur‖H2(Ωr),
we have
∫ T
0
(Arur + ν∆u, v) dt ≤ c ‖u− ur‖L2(0,T ;H1(R2)) ‖v‖L2(0,T ;H1(R2))
+ c rα‖ur − u‖L2(0,T ;H2(R2)) ‖v‖L2(0,T ;H1(R2))
+ c r1/2 ‖ur‖L2(0,T ;H2(R2)) ‖v‖L2(0,T ;H1(R2))
which converges to zero as r tends to zero. We conclude that Arur−Au ∗⇀ 0
in L2(0, T ;V ∗).
Now to prove the required convergence for v ∈ L2(0, T ;H), we note that
since L2(0, T ;V ) is dense in L2(0, T ;H), for any w ∈ L2(0, T ;H), there
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exists a sequence {vm}∞m=1 in L2(0, T ;V ), such that vm → w in L2(0, T ;H)
as m→∞. We can write∣∣∣∣∣
∫ T
0
(Arur −Au,w)Ωr dt
∣∣∣∣∣
≤
∣∣∣∣∣
∫ T
0
(Arur −Au,w − vm)Ωr dt
∣∣∣∣∣ +
∣∣∣∣∣
∫ T
0
(Arur −Au, vm)Ωr dt
∣∣∣∣∣
≤ ‖Arur −Au‖L2(0,T ;L2(Ωr))‖w − vm‖L2(0,T ;L2(Ωr))
+
∣∣∣∣∣
∫ T
0
(Arur −Au, vm)Ωr dt
∣∣∣∣∣ .
For any ǫ > 0, there exists M big enough such that ‖w − vm‖ ≤ ǫ/(2C)
for m > M and with C ≥ ‖Arur − Au‖L2(0,T ;H(Ωr)). Also by the weak-*
convergence we just showed, there exists some r = r(M) such that∣∣∣∣∣
∫ T
0
(Arur −Au, vm)Ωr dt
∣∣∣∣∣ < ǫ/2, for r < r(M).
Therefore for any ǫ > 0,∣∣∣∣∣
∫ T
0
(Arur −Au,w)Ωr dt
∣∣∣∣∣ < ǫ
when r is small enough.
2) Pr[β(ur − h˙r, ur)]⇀ P[((u − h˙) · ∇)u] in L2(0, T ;H):
We note that P[((u− h˙) · ∇)u] is bounded in L2(0, T ;H), since
‖P[((u− h˙) ·∇)u]‖2L2(0,T ;H)
≤ ‖(u · ∇)u‖2L2(0,T ;H) + ‖(h˙ · ∇)u‖2L2(0,T ;H)
≤ ‖u‖L∞(0,T ;H1(R2)) ‖u‖L2(0,T ;H2(R2))
+ ‖h˙‖L4(0,T ;R2) ‖u‖L4(0,T ;H1(R2)). (48)
We first show the weak-* convergence for L4/3(0, T ;V ∗). Let v ∈ L4(0, T ;H1)
and vr = Prv as before and write∫ T
0
(
Pr[β(ur − h˙r, ur)]− P[((u− h˙) · ∇)u], v
)
dt
=
∫ T
0
(
[(ur − h˙r) · ∇]ur, vr
)
Ωr
dt+
∫ T
0
(
[(u− h˙) · ∇]u, v) dt
=
∫ T
0
(
[(ur − h˙r) · ∇]ur − [(u− h′) · ∇]u, v
)
Ωr
dt
+
∫ T
0
(
[(ur − h˙r) · ∇]ur, vr − v
)
Ωr
dt+
∫ T
0
(
[(u− h˙) · ∇]u, v)
Br
dt.
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We have
∫ T
0
(
((ur − h˙r) · ∇)ur, vr − v
)
Ωr
dt
≤
(
‖ur‖L∞(0,T ;H1(Ωr))‖ur‖L2(0,T ;H2(Ωr))
+ ‖h˙‖L2(0,T ;R2)‖ur‖L∞(0,T ;H1(Ωr))
)
‖v − vr‖L2(0,T ;L2(Ωr)),
∫ T
0
(
(h˙r · ∇)ur − (h˙ · ∇)u, v
)
Ωr
dt
=
∫ T
0
(
((h˙r − h˙) · ∇)ur, v
)
Ωr
+
(
(h˙ · ∇)(ur − u), v
)
Ωr
dt
≤ ‖h˙r − h˙‖L2(0,T ;R2) ‖ur‖L∞(0,T ;H1(Ωr)) ‖v‖L2(0,T ;L2(R2))
+ ‖h˙‖L4(0,T ;R2) ‖ur − u‖L2(0,T ;H1(Ωr)) ‖v‖L4(0,T ;L2(R2)),
with w = ur − u
∫ T
0
(
(ur · ∇)ur − (u · ∇)u, v
)
Ωr
dt
=
∫ T
0
(
(w · ∇)w), v)
Ωr
+
(
(w · ∇)u), v)
Ωr
+
(
(u · ∇)w), v)
Ωr
dt
≤ c
(
‖w‖L∞(0,T ;H1(Ωr)) + ‖u‖L∞(0,T ;H1(Ωr))
)
× ‖w‖L2(0,T ;H1(Ωr)) ‖v‖L2(0,T ;H1(Ωr)),
and
∫ T
0
(
[(u − h˙) · ∇]u, v)
Br
dt
≤
∫ T
0
c
(
‖u‖H1(R2) ‖u‖H2(R2) + |h˙| ‖u‖H1(Br)
)
‖v‖L4(Br) |Br|1/4
≤ c r1/2
(
‖h˙‖L2(0,T ;R2) + ‖u‖L2(0,T ;H2(R2))
)
× ‖u‖L∞(0,T ;H1(R2)) ‖v‖L2(0,T ;H1(R2))
We therefore conclude the required weak-* convergence. The weak conver-
gence in L2(0, T ;H) then follows in a similar way to the previous case, since
both Pr[β(ur− h˙r, ur)] and P[((u− h˙) ·∇)u] are bounded in L2(0, T ;H) and
L4(0, T ;V ) is dense in L2(0, T ;H).
3)
∫ T
0
(
d(ur − u)/dt, v
)
Ωr
dt→ 0 as r → 0 for any v ∈ L2(0, T ;H):
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As before, we first show the convergence for more regular v ∈ L2(0, T ;V ).
For s > r we can write
∫ T
0
(
dur
dt
− du
dt
, v
)
Ωr
dt
=
∫ T
0
(
dur
dt
− du
dt
, v
)
Ωs
dt+
∫ T
0
(
dur
dt
− du
dt
, v
)
Ωr\Ωs
dt.
For v ∈ L2(0, T ;V ) we have
∫ T
0
(
dur
dt
− du
dt
, v
)
Ωr\Ωs
dt
≤
∫ T
0
∥∥∥∥durdt − dudt
∥∥∥∥
L2(Ωr\Ωs)
|Ωr \Ωs|1/4 ‖v‖L4(Ωr\Ωs)
≤ c s1/2‖v‖L2(0,T ;V )
since ‖u˙r‖L2(0,T ;L2(Ωr)) is uniformly bounded by Lemma 5 and ‖u˙‖L2(0,T ;L2(R2))
is bounded by Lemma 6. Therefore, for any ǫ there exists δ > 0 such that
for any r and s less than δ
∫ T
0
(
dur
dt
− du
dt
, v
)
Ωr\Ωs
dt < ǫ/2.
By Lemma 6, u˙r ⇀ u˙ as r → 0 in L2(0, T ;L2(Ωs)) for any fixed s and hence
there exists r∗ > 0 such that
∫ T
0
(
dur
dt
− du
dt
, v
)
Ωs
dt ≤ ǫ/2
for r < r∗. Let r = min{δ/2, r∗}. Then
∫ T
0
(
dur
dt
− du
dt
, v
)
Ωr
dt ≤ ǫ
and we get the required convergence for v ∈ L2(0, T ;V ).
The converegence for v ∈ L2(0, T ;H) follows in a similar way to the
parts (1) and (2), since ‖u˙r‖L2(0,T ;L2(Ωr)) and ‖u˙‖L2(0,T ;L2(R2)) are both
bounded by a constant independent of r.
The above convergence results and (19) imply that u(t) satisfies
∫ T
0
∫
Ωr
(
du
dt
+Au+ P[((u− h˙) · ∇)u]
)
· v dy dt→ 0 as r → 0.
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for any v ∈ L2(0, T ;H). Since u˙, Au ∈ L2(0, T ;H) by Lemma 6 and
P[((u− h˙) · ∇)u] ∈ L2(0, T ;H) by (48), in the zero limit of r, we have
du
dt
+Au+ P[((u− h˙) · ∇)u] = 0 as an equality in L2(0, T ;H). (49)
We need to show the limiting velocity field u has initial condition u0.
Let φ ∈ C1(0, T ;H) with φ(T ) = 0. Taking the inner product of the above
equation and (19) with φ(t) we obtain∫ T
0
(u, φ˙)Ωr + (Au + P[((u− h˙) · ∇)u], φ)Ωr dt = (u(0), φ(0))Ωr
and ∫ T
0
(ur, φ˙)Ωr + (Arur + Pr[β(u − h˙, u)], φ)Ωr dt = (ur(0), φ(0))Ωr
respectively. Comparing these two at the zero limit of r implies that u(0) =
u0.
Since h ∈ H1(0, T ;R2) ⊂ L∞(0, T ;R2), we can perform the following
change of coordinates in (49)
x(t) = y(t) + h(t).
Letting
U(x, t) = u(x+ h(t), t)
we can write (49) as
dU
dt
+AU + P[(U · ∇)U ] = 0 as an equality in L2(0, T ;H). (50)
Now, we extend the result to all times:
Taking the inner product of the above equation with AU , using appro-
priate estimates for the nonlinear term and then integrating, we obtain
‖u‖H1(R2) ≤
C1
2
= c ec‖u0‖L2 ‖u0‖H1(R2). (51)
Let ‖ur(0)‖H1(Ωr) = C1. By Lemma 5, we have ‖ur(t)‖H1(Ωr) < 2C1 for
t < T ∗ =
1
2c(1 + ‖ur(0)‖4Hr) (1 + C21 )2
< T
(noting that ‖ur(t)‖Hr ≤ ‖ur(0)‖Hr for any t > 0). Since∫ T
0
‖ur − u‖2H1(Ωr) → 0 as r → 0,
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there exists r∗ small enough such that for some t > T − T ∗/2
‖ur∗(t)− u(t)‖H1(Ωr∗ ) < C1/2
and therefore ‖ur∗(t)‖H1(Ωr∗ ) ≤ C1 and by above for t < T + T ∗/2,
‖ur(t)‖H1(Ωr) is uniformly bounded. Hence, by the first part of the proof
u satisfies (49) for t ∈ [0, T + T ∗/2]. The same estimate (51) holds for
0 ≤ t < T + T ∗/2 as well. Therefore the same argument as above gives the
result of the theorem for 0 ≤ t < T + T ∗ and continuing in a similar way
for 0 ≤ t < T + nT ∗/2 for any n ∈ N.
ii) To show the convergence of the trajectory of the centre of the tracer,
we fix a point y∗ on ∂Ωr and write
|u((0, 0), t)− h˙(t)| ≤ |u((0, 0), t)− u(y∗, t)|
+ |u(y∗, t)− h˙r(t)|+ |h˙r(t)− h˙(t)|.
We have
|u((0, 0), t)− u(y∗, t)| ≤ c rα/2 ‖u‖H3/2(R2)
for α < 1 by Lemma 7.26 of Renardy & Rogers (2004). To find an appropri-
ate bound on the second term in the right-hand side of the above inequality,
we note that for any n = y/|y| with y ∈ ∂Ωr we can write
|n · (u(y∗, t)− h˙r(t))|
= |n · (u(y∗, t)− ur(y, t))|
≤ |u(y∗, t)− u(y, t)|+ |u(y, t)− ur(y, t)|
≤ c rα/2 ‖u‖H3/2(R2) + c ‖u− ur‖1/2H1(Ωr) ‖u− ur‖
1/2
H2(Ωr)
.
Since the above inequality is true for all n as above, we conclude that
|u(y∗, t)− h˙r(t)| ≤ c rα/2 ‖u‖H3/2(R2)
+ c ‖u− ur‖1/2H1(Ωr) ‖u− ur‖
1/2
H2(Ωr)
.
Therefore we have∫ T
0
|u((0, 0), t)− h˙(t)|2 dt
≤ c rα ‖u‖L∞(0,T ;H1(R2)) ‖u‖L2(0,T ;H2(R2))
+ c ‖u− ur‖L2(0,T ;H2(Ωr)) ‖u− ur‖L2(0,T ;H1(Ωr)) + ‖h˙r − h˙‖L2(0,T ;R2).
The right-hand side converges to zero as r → 0 by Lemma 6. Hence∫ T
0
|h˙(t)− U(h(t), t)| dt = 0, (52)
implying that h(t) is the trajectory of the fluid particle initially at (0, 0).
Since
|h(t)− hr(t)| ≤ ‖h− hr‖H1(0,T ;R2),
we conclude that hr(t)→ h(t) as r → 0 by Lemma (6) . ⊓⊔
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We note that there exist u0 and ur(0) satisfying the assumption of The-
orem 2. For instance we can consider u0 ∈ H1(R2) such that u0 = h˙ for
y ∈ BR with R > 0 and some h˙ ∈ R2, and let ur(0) = u0 for any r < R.
6. Conclusion
We studied the limiting motion of a system of a rigid disc moving with
a fluid flow in R2 as the radius of the disc goes to zero. We showed that
if the disc is not allowed to rotate, the trajectory of the centre of the disc
converges to a fluid particle trajectory.
Two related problems are the motion of the fluid-rigid body in a two-
dimensional bounded domain, and the case of more than one rigid disc.
In the case of a bounded domain, the existence of a global strong solution
of a fluid-rigid body system is shown by Takahashi (2003) assuming that
the rigid body does not touch the boundary. With the same assumption, it
seems that a similar approach as the one presented here (but more technical
since the change of coordinates would be more complicated) can give the
same convergence result. When there are several rigid bodies moving with
the fluid, which is the case in real experiments, it is known that at least one
weak solution exists when the radius of rigid bodies are fixed (Desjardins &
Esteban 1999; Feireisl 2002; Grandmont & Maday 2000; San Martin et al
2002), but to our knowledge, the uniqueness of the solution is not known.
The analysis here goes some way towards justifying the use of tracer
particles for finding Lagrangian paths of fluid flow, but we have unfortu-
nately had to restrict to the case in which the particles are not allowed to
rotate. Obtaining appropriate uniform bounds in the case that the parti-
cle can rotate seems more challenging (see Remark 1), and presents a very
interesting open problem.
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